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Composites made of dissimilar materials are increasingly being
used in the construction of engineering structures. As the failure of
composite structure components often initiates from edges and
cracks at the material interfaces (Wang and Xu, 2006), the study
of interface cracks is important in assessing the structural integrity.
In linear elastic fracture mechanics, the stress intensity factors rep-
resenting the severity of the stresses around the crack tip are the
most important parameters for predicating crack stability.
A large amount of works have been reported in the literature on
the static and dynamic analysis of cracks in homogeneous plates.
Literature reviews can be found in Aliabadi (2002) and Song and
Paulino (2006). Except for problems with extremely simple geom-
etry and boundary conditions, numerical methods have to be em-
ployed in a fracture mechanics analysis. Two related tasks, i.e. the
computation of the singular stress ﬁeld around a crack tip and the
extraction of the stress intensity factors, have to be performed.
The most popular numerical techniques are the ﬁnite element
method (e.g. Tong et al., 1973; Henshell and Shaw, 1975; Banks-Sills
and Bortman, 1984; Karihaloo and Xiao, 2001; Song and Paulino,
2006) and the boundary elementmethod (e.g.Martinez andDomin-
guez, 1984; Tan and Gao, 1992; Dominguez, 1993; Aliabadi, 2002;
Zhang, 2002). Recently, the extended ﬁnite element method is also
applied to fracture problems (e.g. Béchet et al., 2005). In all the three
methods, the standard interpolation functions are smooth and doll rights reserved.
: +61 2 9385 6139.not resemble the singular stress ﬁeld. In order to obtain accurate re-
sults for stresses, themesh needs to be reﬁned locally in the vicinity
of the singular point. To increase the efﬁciency of the stress solution,
quarter-point crack elements (e.g. Barsoum, 1974; Henshell and
Shaw, 1975; Martinez and Dominguez, 1984; Tan and Gao, 1990)
or elements enriched with the asymptotic stress series (e.g. Tong
et al., 1973; Karihaloo and Xiao, 2001) are developed.
The stress intensity factors are commonly deﬁned based on an
analytical asymptotic stress series by using the stresses at the
crack front. The simplest approach to determine the stress inten-
sity factors is to directly match the stress ﬁeld with their deﬁni-
tions, but this requires accurate solutions for stresses very close
to the singular point. Path-independent integrals (Rice, 1968),
which generally require less accurate results for the stresses close
to the crack tip, are often preferred. However, the asymptotic solu-
tion for the stress ﬁeld, including not only the order of singularity
but also the angular variation of stresses, has to be known a priori
in order to evaluate path-independent integrals.
To evaluate the stress intensity factors becomes more difﬁcult
when the crack is located on a bimaterial interface. Around the
crack tip at a bimaterial interface, the order of singularity may be
complex (Rice and Sih, 1965). This leads to oscillatory displace-
ment and stress ﬁelds close to the crack tip. When the materials
are general anisotropic, the complexity of the asymptotic solution
of the stress and displacement ﬁelds increases signiﬁcantly. The
element enrichment and the evaluation of path-independent inte-
grals becomemuch more involved. Examples of works on the static
analysis of interface cracks includes Carpenter and Byers (1987)
and Banks-Sills and Sherer (2002) for isotropic materials, and Tan
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Fig. 1. Crack at bimaterial interface.
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(1998) and Ikeda et al. (2006) for anisotropic materials. The works
on the dynamic analysis of interface cracks are mostly limited to
isotropic materials (e.g. Dineva et al., 2002; Song and Vrcelj,
2008; Yang and Deeks, 2008). Interface cracks in anisotropic mate-
rials are studied in Lei et al. (2008) and Wünsche et al. (2009). In
both papers, the transient analyses are performed by the boundary
element method. The dynamic stress intensity factors are deter-
mined by applying the displacement extrapolation technique pro-
posed in Cho et al. (1992), where the asymptotic solution of Suo
(1990) is formulated for the particular case of the in-plane defor-
mation of two-dimensional problems. As shown in Section 2, a
mistake and a typographical error exist in the original formulas de-
rived by Cho et al. (1992). These errors are also present in Lei et al.
(2008) and Wünsche et al. (2009) leading to inaccurate results of
the dynamic stress intensity factors.
The scaled boundary ﬁnite-element method (Song and Wolf,
1997, 2002) has emerged as an attractive alternative to model
problems with singularities. In this method, a subdomain enclos-
ing a crack tip is addressed. The boundary of the subdomain is
discretized with line elements. The most important advantage
of this method is that the stress singularity along the radial
direction emanating from the crack tip is represented analyti-
cally. No enrichment or analytical asymptotic expansion is re-
quired. Stress intensity factors, T-stress and coefﬁcients of
higher order terms are extracted directly based on their deﬁni-
tions (Deeks and Chidgzey, 2005; Song, 2005). Power-logarithmic
singularities and the transition between power and power-loga-
rithmic singularities can also be represented (Song, 2005) by a
stable algorithm. Crack propagation is modeled in Yang and Dee-
ks (2007) and Ooi and Yang (2009). The dynamic analysis of
interface cracks in isotropic bimaterial plates are performed in
the frequency domain (Yang and Deeks, 2008). Recently, the
scaled boundary ﬁnite-element method is extended to the direct
time domain analysis of singular stress ﬁelds (Song and Vrcelj,
2008). The dynamic stress intensity factors and the T-stress of
homogeneous plates and isotropic bimaterial plates are also
evaluated.
In comparison with the boundary element method, the scaled
boundary ﬁnite-element method is less ﬂexible in mesh generation
due to the scaling requirement (i.e., the whole boundary is directly
visible from the scaling center). A problem domain that does not
satisfy the scaling requirement has to be divided into smaller sub-
domains (super-elements). A subdomain modeled with the scaled
boundary ﬁnite-element method can be coupled with the bound-
ary element method (Chidgzey et al., 2008) or the ﬁnite element
method (Ooi and Yang, 2009). The scaled boundary ﬁnite-element
method is based on standard displacement elements on the bound-
ary of a subdomain and leads to symmetric stiffness and mass
matrices. The coupling with ﬁnite elements are straightforward
and seamless. Conventional techniques for the solution of the ﬁnite
element equations are directly applicable.
In this paper, the technique developed in Song and Vrcelj (2008)
is applied to determine the dynamic stress intensity factors of
interface cracks in anisotropic bimaterial plates. A bimaterial plate
is divided into a few subdomains. The dynamic properties of a sub-
domain is represented by the high-order stiffness and mass matri-
ces (Song, 2009). The transient response is obtained directly in the
time domain using a standard time-stepping scheme in structural
dynamics. The deﬁnition of the stress intensity factors in Cho et al.
(1992) is employed after the errors in the original formulas are
corrected.
This paper is organized as follows. The deﬁnition of the stress
intensity factors is addressed in Section 2. The scaled boundary
ﬁnite-element method is summarized in Section 3. The procedure
to extract the stress intensity factors directly based on theirdeﬁnitions is addressed in Section 4. Numerical results are pre-
sented in Section 5. Conclusions are stated in Section 6.2. Stress intensity factors for interface crack between two
anisotropic materials
The deﬁnition of stress intensity factors proposed by Cho et al.
(1992) is adopted. It is based on the asymptotic solution developed
by Suo (1990) for the crack opening displacements and the singular
stresses ahead of a crack tip. The errors in the formulas presented
in Cho et al. (1992) are corrected.
A crack on the interface of a bimaterial plate is shown in Fig. 1
with the Cartesian coordinates x^; y^ (or the polar coordinates r^; h).
Without losing generality, the case of a crack opening to the left
(i.e., the crack tip is located on the right end of the crack) is consid-
ered. The origin of the coordinates is located at the crack tip. The
x^-coordinate (or the angle h ¼ 0) is chosen on thematerial interface.
The singular stresses frðsÞðr^Þg (denoted with the superscript (s))
on the bimaterial interface and at a distance r^ ahead of the crack tip
are expressed by using the complex stress intensity factor
K ¼ K1 þ iK2 ði ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
Þ as
sðsÞxy ðr^;0Þ
rðsÞy ðr^;0Þ
( )
¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr^
p Re KfWg r^
L
 i !
ð1Þ
where ReðÞ denotes the real part of a variable. The so-called oscil-
latory index  (complex part of the order of singularity) and the
complex vector fWg depend on the material constants of the bima-
terial plate and are given below in Eq. (11). L is a characteristic
length.
The crack opening displacements fdðsÞðr^Þg corresponding to the
singular stress ﬁeld are expressed as
dðsÞx ðr^Þ
dðsÞy ðr^Þ
( )
¼
ﬃﬃﬃﬃﬃﬃ
r^
2p
r
Re
coshðpÞ
1þ 2i KfVg
r^
L
 i !
ð2Þ
where the crack opening displacements fdðsÞðr^Þg at a distance r^ be-
hind the crack tip are obtained from the displacement ﬁeld
fuðsÞðr^; hÞg corresponding to the singular stress ﬁeld
fdðsÞðr^Þg ¼ fuðsÞðr^; h ¼ þpÞg  fuðsÞðr^; h ¼ pÞg ð3Þ
The complex vector fVg is given in Eq. (10).
The in-plane stress–strain relationship of an anisotropic mate-
rial is expressed as
frg ¼ ½Dfeg; feg ¼ ½afrg ð4Þ
where the stresses frg, strains feg, symmetric material stiffness
matrix ½D and symmetric material ﬂexibility matrix ½a are ex-
pressed as
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½D ¼
D11 D12 D13
D12 D22 D23
D13 D23 D33
2
64
3
75; ½a ¼
a11 a12 a13
a12 a22 a23
a13 a23 a33
2
64
3
75 ð5Þ
The characteristic equation for in-plane deformation is written as
a11l4  2a13l3 þ ð2a12 þ a33Þl2  2a23lþ a22 ¼ 0 ð6Þ
It has two pairs of complex conjugate roots
l1 ¼ l1R þ il1I; l2 ¼ l2R þ il2I; l3 ¼ l1; l4 ¼ l2 ð7Þ
where l1 and l2 are the two roots having positive imaginary parts
(i.e. l1I > 0 and l2I > 0). The bar over a variable denotes its complex
conjugate. A positive-deﬁnite Hermitian matrix ½H involving bima-
terial elastic constants is deﬁned as (Eq. (23), Cho et al., 1992)
½H ¼ H11 H12  ig
H12 þ ig H22
 
ð8Þ
where the entries are
H11 ¼ ½a11ðl1I þl2IÞ1 þ ½a11ðl1I þl2IÞ2
H22 ¼ a22 l1Il21R þl21I
þ l2I
l22R þl22I
  
1
þ a22 l1Il21R þl21I
þ l2I
l22R þl22I
  
2
H12 ¼ a11ðl1Rl2I þl2Rl1IÞ
 
1 þ a11ðl1Rl2I þl2Rl1IÞ
 
2
g ¼ a11ðl1Rl2R þl1Il2IÞ  a12
 
1  a11ðl1Rl2R þl1Il2IÞ a12
 
2 ð9Þ
The subscripts 1 and 2 outside of the square brackets denote the
material numbers.
The oscillatory index  and the vector fVg are determined by
the eigenvalue problem (Eq. (16), Cho et al., 1992)
½H1fVg ¼ e2p½H1fVg ð10Þ
The vector fWg is expressed as (Eq. (15), Cho et al., 1992)
ð½H1 þ ½H1ÞfVg ¼ fWg ð11Þ
fWg and fVg are normalized such that the ﬁrst entry of fWg is
equal to i. Eqs. (10) and (11) are equivalent to the following eigen-
value problem
½HfWg ¼ e2p½HfWg ð12Þ
Using ½H given in Eq. (8), the oscillatory index  is obtained as
 ¼ 1
2p
ln
1 b
1þ b ð13Þ
with
b ¼ g
h
h ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H11H22  H212
q ð14Þ
The corresponding normalized eigenvector fWg is expressed as
fWg ¼ ihþiH12
H22
( )
¼ i
W1  iW2
	 

ð15Þ
where W1 and W2 are deﬁned for later use. The vector fVg is ob-
tained from Eq. (11) as
fVg ¼ ð1 b
2Þh
2H22
H12  ih
H22
	 

¼ G1  iP1
G2
	 

ð16Þ
where G1;G2 and P1 are deﬁned for later use. Note that the sign of
W2 in Eq. (15) is opposite to that given in Eq. (30), Cho et al.
(1992). As a result, the imaginary part of fVg in Eq. (16) is different
from that in Eq. (31), Cho et al. (1992). When both materials are
orthotropic, H12 ¼ 0 applies (Eq. (31), Suo, 1990 and Eq. (31), Choet al., 1992). The expressions for vectors fWg and fVg presented
here and those in Cho et al. (1992) become identical for this partic-
ular case.
Substituting Eq. (15) into Eq. (1) and changing the sequence of
sðsÞxy ðr^Þ and rðsÞy ðr^Þ in the stress vector result in
rðsÞy ðr^Þ
sðsÞxy ðr^Þ
( )
¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr^
p W1 W2
0 1
 
cðr^Þ sðr^Þ
sðr^Þ cðr^Þ
 
K1
K2
	 

ð17Þ
with
cðr^Þ ¼ cosð lnðr^=LÞÞ; sðr^Þ ¼ sinð lnðr^=LÞÞ ð18Þ
The stress intensity factors are obtained from Eq. (17) as
K1
K2
	 

¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr^
p 1
W1
cðr^Þ cðr^ÞW2 þ sðr^ÞW1
sðr^Þ cðr^ÞW1 þ sðr^ÞW2
  rðsÞy ðr^Þ
sðsÞxy ðr^Þ
( )
ð19Þ
The stress intensity factors can also be determined from the crack
opening displacements. Substituting Eq. (16) into Eq. (2) and using
Eq. (18) lead to
dðsÞx ðr^Þ
dðsÞy ðr^Þ
( )
¼ 4 coshp
1þ 42
ﬃﬃﬃﬃﬃﬃ
r^
2p
r
d11 d12
d21 d22
 
K1
K2
	 

ð20Þ
where the matrix (the argument r^ is omitted for conciseness in
notation)
½d ¼ d11 d12
d21 d22
 
¼ G1 P1
G2 0
 
cðr^Þ þ 2sðr^Þ ðsðr^Þ  2cðr^ÞÞ
sðr^Þ  2cðr^Þ cðr^Þ þ 2sðr^Þ
 
ð21Þ
is calculated at a speciﬁed distance r^ behind the crack tip by using
Eqs. (16) and (18). The stress intensity factors follow from Eq. (20)
as
K1
K2
	 

¼ 1þ 4
2
4 coshp
ﬃﬃﬃﬃﬃﬃ
2p
r^
r
1
d11d22  d12d21
d22 d12
d21 d11
 
dðsÞx ðr^Þ
dðsÞy ðr^Þ
( )
ð22Þ
The magnitude of the complex stress intensity factor is expressed as
(Eq. (38), Cho et al., 1992)
Ki ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K21 þ K22
q
¼ 1þ 4
2
4 coshp

ﬃﬃﬃﬃﬃﬃ
2p
r^
r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃd22dðsÞx ðr^Þ  d12dðsÞy ðr^Þ 2 þ d11dðsÞy ðr^Þ  d21dðsÞx ðr^Þ 2
r
d11d22  d12d21
ð23Þ
It is independent of the oscillatory index e. The ratio between K2
and K1 is equal to
K2
K1
¼ d11d
ðsÞ
y ðr^Þ  d21dðsÞx ðr^Þ
d22d
ðsÞ
x ðr^Þ  d12dðsÞy ðr^Þ
ð24Þ
Eqs. (22) and (24) form the basis of the displacement extrapolation
method in Cho et al. (1992).
The variable d21 in Eq. (24) corresponds to d2 in the notation of
Cho et al. (1992). Comparing Eq. (24) with Eq. (39) in Cho et al.
(1992), it is found that d2 is misprinted as d
2 in Eq. (39), Cho
et al. (1992). As d is used to denote a different value in Eq. (32),
Cho et al. (1992), this misprint may lead to error in the calculation
of the stress intensity factors using the displacement extrapolation
method.
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cracks
The derivation of the scaled boundary ﬁnite-element equation
for elastodynamics is detailed in Song and Wolf (1997) and Wolf
and Song (2000). The solution procedure for structural dynamics
is presented in Song (2009). Transient dynamic analysis of singular
stress ﬁelds is performed in Song and Vrcelj (2008). In this section,
only key concepts are illustrated.
3.1. Concept of scaled boundary ﬁnite-element modeling of cracks
The bimaterial interface crack in Fig. 1 is treated as a subdomain
in the scaled boundary ﬁnite-element method. More complex
cases, such as multi-cracks or central cracks, can be divided into
this typical case by substructuring. As shown in Fig. 2, a so-called
scaling center O is selected at the crack tip. The geometry of the
subdomain has to satisfy the scaling requirement, i.e. the whole
boundary is directly visible from the scaling center. The require-
ment can always be met by using the substructure technique.
The boundary directly visible from the scaling center is divided
into line elements (Fig. 2 with nodes shown as solid dots). The no-
dal coordinates are arranged in fxg; fyg. The geometry of an ele-
ment is interpolated using the shape functions ½NðgÞ formulated
in the local coordinate g. The subdomain is described by scaling
the boundary with the dimensionless radial coordinate n pointing
from the scaling center Oðn ¼ 0Þ to a point on the boundary
ðn ¼ 1Þ. A point ðx^; y^Þ inside the domain is expressed as
x^ðn;gÞ ¼ nxðgÞ ¼ n½NðgÞfxg ð25aÞ
y^ðn;gÞ ¼ nyðgÞ ¼ n½NðgÞfyg ð25bÞ
The coordinates n;g are called the scaled boundary coordinates.
As shown in Fig. 2, the straight crack faces are not discretized
with any elements. They are represented by scaling the corre-
sponding nodes on the boundary. For an ideal crack with zero
thickness, two independent overlapping nodes, one for each crack
face, are deﬁned on the boundary.
The material in an area covered by scaling a boundary element
(e.g. shaded area in Fig. 2) assumes the property of the element.
The material interface is formed by scaling the node on the bound-
ary. This permits the modeling of bimaterials without discretizing
the material interface with elements.
The scaled boundary coordinates in two dimensions resemble
the polar coordinates r^ and h. The polar coordinates in Fig. 1 are ex-
pressed using Eq. (25) as
r^ðn;gÞ ¼ nrðgÞ ¼ n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2ðgÞ þ y2ðgÞ
q
ð26aÞ
hðgÞ ¼ arctan yðgÞ
xðgÞ ð26bÞ=1
<1
ξ
η
O
y^
x^
Fig. 2. Scaled boundary ﬁnite-element modeling of crack at bimaterial interface
(The scaling center is chosen at the crack tip.).where rðgÞ is the radial coordinate on the boundary. The angle h de-
pends on g only. As the whole boundary is visible from the scaling
center, hðgÞ is a single-valued function in its principal value
ðp < h 6 pÞ. The element number and the local coordinate g can
be regarded as a discrete representation of the angle h.
Along radial lines passing through the scaling center O and a
node on the boundary, the nodal displacement functions fuðnÞg
are introduced (The dependency on time t is omitted from the
argument for clarity.). The nodal displacements on the boundary
follow as fug ¼ fuðn ¼ 1Þg. Isoparametric displacement elements
are used in the circumferential direction to interpolate the dis-
placement functions piecewisely
fuðn;gÞg ¼ ½NuðgÞfuðnÞg ¼ ½N1ðgÞ½I; N2ðgÞ½I; . . .fuðnÞg ð27Þ
where ½I is a 2 2 identity matrix. The stresses are expressed as
(‘‘,” denotes derivative)
frðn;gÞg ¼ ½D ½B1ðgÞfuðnÞg;n þ ½B2ðgÞfuðnÞg=n
 
ð28Þ
where ½B1ðgÞ and ½B2ðgÞ describe the strain–displacement relation-
ship (Song and Wolf, 1997; Song, 2005).
After expressing the governing differential equations in the
scaled boundary coordinates, Galerkin’s weighted residual method
(Song and Wolf, 1997) or the principle of virtual work (Deeks and
Wolf, 2002) can be applied in the circumferential direction g. The
scaled boundary ﬁnite-element equation in displacement is ex-
pressed as
½E0n2fuðnÞg;nn þ ð½E0  ½E1 þ ½E1TÞnfuðnÞg;n  ½E2fuðnÞg
þ n2½M0f€uðnÞg ¼ 0 ð29Þ
The coefﬁcient matrices ½E0; ½E1; ½E2 and ½M0 are assembled, as in
the ﬁnite element method, from the element coefﬁcient matrices
(Song and Wolf, 1997), which are similar to the static stiffness
and mass matrices of 1D ﬁnite elements. The calculation and
assemblage follow those in the standard ﬁnite element method.
The internal nodal forces along radial lines are equal to (Song
and Wolf, 1997)
fqðnÞg ¼ ½E0nfuðnÞg;n þ ½E1TfuðnÞg ð30Þ3.2. Static solution of displacements and stresses
The static solution of the scaled boundary ﬁnite-element equa-
tion (Eq. (29)) is addressed as the asymptotic solution at the crack
tip is the same with or without considering the inertial effects un-
der a dynamic loading (Sih et al., 1972; Song and Vrcelj, 2008).
In statics, Eq. (29) is rewritten as a system of ﬁrst-order differ-
ential equations
n
fuðnÞg
fqðnÞg
	 

;n
¼ ½Z fuðnÞgfqðnÞg
	 

ð31Þ
with the Hamiltonian coefﬁcient matrix
½Z ¼ ½E
01½E1T ½E01
½E2 þ ½E1½E01½E1T ½E1½E01
" #
ð32Þ
which has pairs of eigenvalues ki and ki. Eq. (31) can be decoupled
by the eigenvectors of the matrix ½Z, but the algorithm might be
numerically unstable close to a power-logarithmic singularity
(Song, 2004). In this paper, the block-diagonal Schur decomposition
of the matrix ½Z proposed in Song (2004) is adopted
½Z½W ¼ ½W½S ð33Þ
where ½W is a transformation matrix with independent column vec-
tors. The matrix ½S is block-diagonal. Each of the diagonal blocks is
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2 2 blocks on the diagonal, corresponding to complex conjugate
eigenvalues, or 1 1 blocks corresponding to real eigenvalues).
The matrix ½S is sorted in ascending order of the real parts of its
eigenvalues (i.e. diagonal entries). The matrices ½S and ½W are par-
titioned conformably into, respectively, 2N  1 and 2N block
matrices
½S ¼ diag ½S1    ½SN1
0 ½I
0 0
 
½SNþ2    ½S2N
 
ð34Þ
½W ¼ ½W
ðuÞ
1     ½WðuÞN1 ½WðuÞN  ½WðuÞNþ1 ½WðuÞNþ2    ½WðuÞ2N 
½WðqÞ1     ½WðqÞN1 ½WðqÞN  ½WðqÞNþ1 ½WðqÞNþ2    ½WðqÞ2N 
" #
ð35Þ
The eigenvalues of the diagonal blocks of ½S are disjoint and satisfy
kð½SiÞ ¼ kð½S2Nþ1iÞ ð36Þ
It is worthwhile to note that the better known eigenvalue decompo-
sition is a special case of the block-diagonal Schur decomposition
where the size of all diagonal blocks is 1 1 (i.e., ½Si is one eigen-
value and ½Wi is the corresponding eigenvector).
The solution satisfying the ﬁniteness of displacements at the
scaling center ðn ¼ 0Þ is expressed as
fuðnÞg ¼
XN1
i¼1
½WðuÞi n½Si fcig þ ½WðuÞN fcNg ð37Þ
where fcig are integration constants, and ½WðuÞN  represents the two
modes of translational rigid body motion. Substituting Eq. (37) into
Eq. (28) yields the stresses at a speciﬁed local coordinate g within a
given element
frðn;gÞg ¼
XN1
i¼1
½WriðgÞn½Si ½Ifcig ð38Þ
where ½WriðgÞ represents the stress modes corresponding to the
displacement modes ½WðuÞi 
½WriðgÞ ¼ ½D ½B1ðgÞ½WðuÞi ½Si þ ½B2ðgÞ½WðuÞi 
 
ð39Þ3.3. Solution procedure for structural dynamics
The inertial effect of materials is considered by using the high-
order mass matrix developed in Song (2009). For the sake of com-
pleteness, it is brieﬂy summarized in the following.
The dynamic stiffness matrix ½Sðx; nÞ of the part of the subdo-
main within a boundary of a constant n is deﬁned as
fqðnÞg ¼ ½Sðx; nÞfuðnÞg ð40Þ
with the excitation frequency x (x is omitted from the arguments
of fqðnÞg and fuðnÞg for conciseness in notation). Eliminating fqðnÞg
and fuðnÞg from Eqs. (29), (30) and (40) leads to an equation for the
dynamic stiffness (Song and Wolf, 1997)
ð½Sðx; nÞ  ½E1Þ½E01ð½Sðx; nÞ  ½E1TÞ  ½E2 þ ðxnÞ½Sðx; nÞ;ðxnÞ
þ ðxnÞ2½M0 ¼ 0 ð41Þ
This is a system of ﬁrst-order ordinary differential equations of the
independent variable ðxnÞ. Its solution is constructed as a contin-
ued fraction
½SðxnÞ ¼ ½K  ðxnÞ2ð½M  ðxnÞ4ð½Sð1Þ0   ðxnÞ2½Sð1Þ1     
 ðxnÞ4ð½SðMcf Þ0   ðxnÞ2½SðMcf Þ1 Þ1Þ1Þ1 ð42Þ
where ½K; ½M; ½SðiÞ0  and ½SðiÞ1 ði ¼ 1; 2; . . . ; McfÞ are coefﬁcient matri-
ces determined recursively after substituting Eq. (42) into Eq. (41).Using the continued fraction solution of the dynamic stiffness,
the force-displacement relationship (Eq. (30)) is expressed in the
time domain as
½KhfyðnÞg þ n2½Mhf€yðnÞg ¼ fFðnÞg ð43Þ
where fyðnÞg consists of the displacement functions fuðnÞg and the
auxiliary variables fuðiÞðnÞgði ¼ 1;2; . . . ;Mcf Þ
fyðnÞg ¼ ffuðnÞg; fuð1ÞðnÞg; . . . ; fuðMcf ÞðnÞgg ð44Þ
where the column concatenation is denoted by semicolons. The
right-hand side column vector contains the internal nodal forces
fqðnÞg padded with zeros
fFðnÞg ¼ ffqðnÞg; 0; . . . ; 0g ð45Þ
The symmetric high-order static stiffness matrix ½Kh and mass ma-
trix ½Mh are expressed as
½Kh ¼ diagð½K; ½Sð1Þ0 ; . . . ; ½SðMcf Þ0 Þ ð46aÞ
½Mh ¼
½M ½I    0
½I ½Sð1Þ1     0
..
. ..
. . .
. ..
.
0 0    ½SðMcf Þ1 
2
666664
3
777775 ð46bÞ
On the boundary ðn ¼ 1Þ, Eq. (43) representing the equation of mo-
tion of a subdomain can be assembled with those of other subdo-
mains or standard ﬁnite elements. High frequency responses are
simulated by high-order terms of the continued fraction without
introducing an internal mesh. It is shown in Song (2009) that 3–4
terms are sufﬁcient to model one wavelength. Standard procedures
in structural dynamics are applicable to determine the natural fre-
quencies and the nodal responses in the time and frequency do-
mains of the global system.
After solving the equation of motion of the global system, the
nodal displacements and auxiliary variables are obtained at dis-
crete time stations. The nodal displacements and auxiliary vari-
ables at the boundary of a subdomain containing a crack tip are
determined based on element connectivity as in the ﬁnite element
method. The internal displacements are obtained by numerical
integration as detailed in Song and Vrcelj (2008). It is shown that
the displacement ﬁeld close to the crack tip ðn! 0Þ are the same
as that of the static solution in Eq. (37). The integration constants
fcig can be determined from Eq. (37).
4. Extraction of dynamic stress intensity factors from scaled
boundary ﬁnite-element solution
Like the analytical asymptotic solution, the scaled boundary ﬁ-
nite-element solution of the displacement and stress ﬁelds (Eqs.
(37) and (38)) are expressed as series of power functions of the ra-
dial coordinate n. Once the integration constants fcig are deter-
mined in Section 3.3, the singular stress term can be evaluated
independently of the others regular terms. In addition, the stress
singularity in the radial direction n is expressed analytically. As a re-
sult, the stress intensity factors can be extracted straightforwardly.
When the real parts of the eigenvalues of a diagonal block ½Si
are between 0 and 1, the matrix power function in Eq. (38) leads
to a stress singularity. For convenience, all such diagonal blocks are
grouped into one block denoted as ½SðsÞ (superscript ðsÞ for singu-
lar) and 1 < kð½SðsÞÞ < 0 applies. The corresponding displacement
modes and integration constants are denoted as ½WðsÞ and fcðsÞg,
respectively. The eigenvalues of all the other diagonal blocks of
½S are smaller than 1. Their contribution to stresses vanishes
when the limit n! 0 is performed and thus are not needed for
the extraction of stress intensity factors.
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(Fig. 3) is expressed as
frðsÞðn;gÞg ¼ ½WðsÞr ðgÞn½S
ðsÞ ½IfcðsÞg ð47Þ
Along the radial direction n, the expression is analytical. Along the
circumferential direction g, standard stress recovery techniques in
the ﬁnite element method can be applied. In this paper, the stresses
are determined element-by-element from Eq. (39) at the Gauss
points of a lower-order rule than used for integration. The nodal
stresses of an element are obtained by extrapolation. The stresses
at the material interface frðsÞðn; h ¼ 0Þg are taken as the average va-
lue of the corresponding nodal stresses of the two elements adja-
cent to the interface.
Depending on the structure of the real Schur form matrix ½SðsÞ,
various types of stress singularity (real and complex power singu-
larity, and power-logarithmic singularity) can be represented by
Eq. (47) (see Song, 2005, 2006). For the interface crack considered
in this paper, ½SðsÞ is expressed as
½SðsÞ ¼ k
ðsÞ
R k
ðsÞ
I
kðsÞI kðsÞR
" #
¼ kðsÞR ½I þ ½SðsÞI  ð48Þ
which has a pair of complex conjugate eigenvalues kðsÞR  ikðsÞI repre-
senting the order of singularity. On the material interface, h ¼ 0 and
n ¼ r^=lf apply (Fig. 3). The singular stresses (Eq. (47)) are expressed
as
frðsÞðr^; h ¼ 0Þg ¼ ðr^=lfÞksR1½WðsÞr ðh ¼ 0Þ
ðL=lf Þ S
ðsÞ
I½ ðr^=LÞ SðsÞI½ fcðsÞg ð49Þ
with (½SðsÞI  is deﬁned in Eq. (48))
ðr^=LÞ½SðsÞI  ¼ cosðk
ðsÞ
I lnðr^=LÞÞ  sinðkðsÞI lnðr^=LÞÞ
sinðkðsÞI lnðr^=LÞÞ cosðkðsÞI lnðr^=LÞÞ
" #
ð50Þ
The variation with respect to r^ is identical to that in the analytical
asymptotic solution (Eq. (17)) when the orders of singularity are
the same, i.e., kðsÞR ¼ 0:5, kðsÞI ¼ . The stress intensity factors can
be determined by matching Eq. (17) with Eq. (51) at any location
on the interface. Numerical experiments have shown that the re-
sults are not affected when the location is in the range of
0:001 6 n 6 1. For convenience, the node F on the boundary shown
in Fig. 3 is chosen. At this node, r^ ¼ lf (i.e. n ¼ 1) applies. The singu-
lar stresses in Eq. (49) are expressed as
frðsÞðlf ; h ¼ 0Þg ¼ WðsÞr ðh ¼ 0Þ
h i
fcðsÞg ð51Þ
Substituting the values of frðsÞðlf ; h ¼ 0Þg into Eq. (19) formulated at
r^ ¼ lf leads tor^
θ
=1
ξ
η
lf Flb
y^
x^
Fig. 3. Extraction of stress intensity factors from scaled boundary ﬁnite-element
solution of displacement and stress ﬁelds.K1
K2
	 

¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2plf
p 1
W1
cðlf Þ cðlf ÞW2 þ sðlfÞW1
sðlf Þ cðlf ÞW1 þ sðlf ÞW2
  rðsÞy ðlf ; h ¼ 0Þ
sðsÞxy ðlf ; h ¼ 0Þ
( )
ð52Þ
The stress intensity factors can also be determined from the crack
opening displacements. The displacement functions of the singular
stress ﬁeld is expressed as
fuðnÞg ¼ ½WðsÞn½SðsÞ fcðsÞg ð53Þ
The crack opening displacements fdðsÞðnÞg (Eq. (3)) of the singular
stress ﬁeld are obtained from the displacement functions of the
two nodes on the upper and lower crack faces (Fig. 3). For conve-
nience, the crack opening displacements of the singular stress ﬁeld
are evaluated on the boundary (where n ¼ 1 and r^ ¼ lb applies as
shown in Fig. 3) leading to fdðsÞðlbÞg. Substituting the results into
Eq. (22) formulated at r^ ¼ lb yields
K1
K2
	 

¼ 1þ 4
2
4 coshp
ﬃﬃﬃﬃﬃﬃ
2p
lb
s
1
d11d22  d12d21
d22 d12
d21 d11
 
dðsÞx ðlbÞ
dðsÞy ðlbÞ
( )
ð54Þ
where d11;d12;d21 and d22 are obtained from Eq. (18) at r^ ¼ lb.
5. Numerical examples
Numerical examples of cracked bimaterial plates are presented
to demonstrate the accuracy of the present technique and to pro-
vide additions to the very limited number of reference solutions
in the literature.
The geometry of a subdomain has to satisfy the scaling require-
ment (Section 3.1). This requirement is met by dividing a bimate-
rial plate into subdomains. For optimal performance, very small
angles between the radial lines and the boundary should also be
avoided. The boundary of a subdomain can be discretized by vari-
ous types of line elements. Three-node elements are used in Sec-
tion 5.1. They can be coupled directly with standard ﬁnite
elements. High-order elements with Gauss–Lobatto–Legendre
shape functions, which are used in all the other examples, are com-
putationally more efﬁcient (Song, 2009).
In all the examples, a bimaterial plate is loaded at the top and
bottom edges by uniform tractions with a magnitude P. In the dy-
namic analyses, the time dependence of the loading is described by
a Heaviside function HðtÞ (HðtÞ ¼ 0 when t < 0 and HðtÞ ¼ 1 when
t P 0), and the tractions are expressed as pðtÞ ¼ PHðtÞ.
Convergence study has been performed for all the numerical
examples by reﬁning the meshes and reducing the size of time
step. For conciseness, a convergence study is presented brieﬂy only
for the static stress intensity factors in Section 5.1. The difference
between the results presented in this section and the converged re-
sults is less than 1% in magnitude, which is indistinguishable in the
graphical plots.
The stress intensity factors are determined from the singular
stresses by using Eq. (52) and from the crack opening displace-
ments by using Eq. (54). Both approaches converge to the same va-
lue for all the numerical examples. This is an indirect veriﬁcation of
the asymptotic solution in Section 2 and the evaluation of stress
intensity factors in Section 4.
The elasticity constants of bimaterials used in the numerical
examples are listed in the following. A bimaterial is made of two
orthotropic materials. The principal material axes of a material
are rotated to simulate a general anisotropic material as shown
in Fig. 4(a).
 Bimaterial 1 (graphite-epoxy composite Lei et al. (2008))
The elasticity constants are
984 C. Song et al. / International Journal of Solids and Structures 47 (2010) 978–989Material 1 : ½D ¼
122:77 3:88 0
3:88 16:34 0
0 0 6:94
2
64
3
75GPa;
q ¼ 1:6 mg=mm3
Material 2 : ½D ¼
65:41 4:29 0
4:29 16:34 0
0 0 5:58
2
64
3
75GPa;
q ¼ 1:6 mg=mm3
The principal material-axis 1 coincides with the horizontal axis of
the coordinates ðhð1Þ ¼ hð2Þ ¼ 0Þ. The oscillatory index  is obtained
from Eq. (13) as  ¼ 0:0137676. The components of the eigenvec-
tors in Eqs. (15) and (16) are: W1 ¼ 0:660585;W2 ¼ 0;G1 ¼ 0;
G2 ¼ 0:0749647GPa1 and P1 ¼ 0:0495206GPa1.
 Bimaterial 2
The elasticity constants are
Material 1 : E11 ¼ E22 ¼ 200GPa; m12 ¼ 0:4;
G12 ¼ 29:41GPa; q ¼ 1:6 mg=mm3:
Material 2 : E11 ¼ 10GPa; E22 ¼ 100GPa; m12 ¼ 0:02;
G12 ¼ 28:07GPa; q ¼ 1:6 mg=mm3:
The principal material-axis 1 of Material 1 coincides with the hori-
zontal axis of the coordinates ðhð1Þ ¼ 0Þ. The principal material-axis
1 of Material 2 is rotated 30 from the material interface ðhð2Þ ¼ 30Þ.
Plane stress conditions exist. The oscillatory index  is obtained
from Eq. (13) as  ¼ 0:12586. The components of the eigenvectors
in Eqs. (15) and (16) are: W1 ¼ 1:149531;W2 ¼ 0:468211;G1
¼ 0:0142321GPa1;G2 ¼ 0:0303968GPa1 and P1 ¼ 0:034942
GPa1.
 Bimaterial 3 (graphite-epoxy composite Lei et al. (2008))
The elasticity constants of both materials are(a)
2h
=4
0m
m
2w=20mm
2a
p(t)
p(t)
MATERIAL 1
MATERIAL 2
x^
y^ r^
θ
θ(1)
Ε11(1)
Ε22(1)
θ(2)
Ε11(2)
Ε22(2)
Fig. 4. Rectangular bimaterial plate with a½D ¼
155:43 3:72 0
3:72 16:34 0
0 0 7:48
2
64
3
75GPa; q ¼ 1:6 mg=mm3
The principal material-axis 1 is rotated from the horizontal axis of
the coordinates by hð1Þ ¼ 30 for Material 1 and hð2Þ ¼ 60 for
Material 2. The oscillatory index is equal to  ¼ 0. The components
of the eigenvectors in Eqs. (15) and (16) are: W1 ¼ 0:897045;W2
¼ 0:441939;G1¼ 0:0268981GPa1;G2 ¼ 0:0608639GPa1 and P1
¼ 0:0545977GPa1.
The scaled boundary ﬁnite-element method leads to symmetric
high-order stiffness and mass matrices. In a direct transient analy-
sis, the time integration scheme and the size of the time step are
selected as in standard ﬁnite element method (Song, 2009). The
Newmark’s method with c ¼ 1=2 and b ¼ 1=4 (i.e., average acceler-
ation method) is employed in the following numerical examples. It
is unconditionally stable for the linear analyses. To capture the
high-frequency components in the transient responses, the size
of the time step is selected in such a way that, in one time step,
waves with the velocity cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D11=q
p
(where D11 P D22 in the
above materials) travel less than the largest distance between
two adjacent nodes.5.1. Rectangular bimaterial plate with a central crack
A rectangular bimaterial plate of height 2h ¼ 40 mm and width
2w ¼ 20 mm is shown in Fig. 4(a). The length of the central crack
on the material interface is 2a ¼ 4:8 mm. Homogeneous plates of
this geometry under a step loading have been studied extensively
in the dynamic fracture analysis. In the present analysis, the plate
is divided into 6 subdomains as shown Fig. 4(b). The scaling cen-
ters of the subdomains are indicated by the markers ‘‘	”. The crack
tips are at the scaling centers of subdomains 1 and 4. The boundary
visible from the scaling centers are discretized with line elements
with the two nodes at the ends of an element shown as circles. As
the shape functions of 3-node elements are identical to the shape(b)
  1
  2
  3
  4
  5
  6
central crack: (a) geometry; (b) mesh.
Table 1
Convergence of static stress intensity factors of central cracked plate: Bimaterial 1.
Element type Order of singularity ðkðsÞR þ ikðsÞI Þ þ 1 Eq. (52) with stresses Eq. (54) with COD
K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p
K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p
K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p
K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p
3-node 0.5027113  i0.0137858 1.5646 0.0259 1.5587 0.0236
5-node 0.5001523  i0.0137870 1.5596 0.0255 1.5590 0.0254
7-node 0.5000021  i0.0137684 1.5591 0.0254 1.5591 0.0253
9-node 0.5000000  i0.0137677 1.5590 0.0253 1.5590 0.0253
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such a subdomain containing a crack tip can be assembled seam-
lessly into a ﬁnite element mesh as a super-element.
The case of Bimaterial 1 reported in Lei et al. (2008) is investi-
gated. Due to symmetry, only the right crack tip is addressed.
The characteristic length in the deﬁnition of the complex stress
intensity factor (Eq. (1)) is chosen as L ¼ a . The static stress inten-
sity factors obtained with 3-node elements as illustrated in
Fig. 4(b) and 5-, 7- and 9-node elements with Gauss–Lobatto–
Legendre shape functions are listed in Table 1. It is observed that
the results converge to the ﬁrst four signiﬁcant digits when the
number of nodes in an element is more than 7. The magnitude of
the stress intensity factors obtained with the mesh of 3-node ele-
ments differs from the converged result by less than 0.5%.
As both materials are orthotropic, H12 ¼ 0 applies in Eqs. (15)
and (16). The error in the displacement extrapolation formulas in
Lei et al. (2008) adopted from Cho et al. (1992) vanishes and will
not affect the magnitude of the stress intensity factors. The static
stress intensity factors reported in Lei et al. (2008) are
K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 1:473 and K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:0385, which corresponding
to a magnitude of Ki=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 1:4735. The magnitude of the stress
intensity factors of the present converged result is 1.559. The dif-
ference is 5.5%. As K2 is much smaller than K1 in both cases, the ef-
fect of the typo in Cho et al. (1992, Eq. (39)) is very small.
The dynamic stress intensity factors are computed with the
mesh of 3-node elements shown in Fig. 4(b). The order of contin-
ued fraction is 4. The largest and the smallest distances between
two adjacent nodes are about 1.66 mm and 0.83 mm, respectively.
The wave velocity cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D11=q
p
in Material 1, which is stiffer than
Material 2, is 8:76mm=ls. To evaluate the effect of the size of time
step on the accuracy of the results, two analyses are performed
with different sizes of time step. The smaller size of time step is0 5 10 15 20 25
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Fig. 5. Dynamic stress intensity factors of central cracked plate: Bimaterial 1.chosen as Dt ¼ 0:1ls. In one time step, waves with velocity cL tra-
vel about 0.876 mm, which is about the smallest distance between
two adjacent nodes. The larger size of time step is Dt ¼ 0:2ls, dur-
ing which waves with velocity cL travel a distance equal to the larg-
est distance between adjacent nodes. The stress intensity factors
normalized with P
ﬃﬃﬃﬃﬃﬃ
pa
p
are plotted in Fig. 5. The responses obtained
with the two time steps are very close to each other. The results of
Lei et al. (2008) and Beyer et al. (2008) are digitized and plotted for
comparison. The value of K2 is again much smaller than K1 and the
effect of the typo in Cho et al. (1992, Eq. (39)) is small. ReasonablyTIME (μs)(b)
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Fig. 6. Dynamic stress intensity factors of central cracked plate of Bimaterial 2: (a)
left crack tip; (b) right crack tip.
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Fig. 7. Rectangular bimaterial plate with an edge crack: (a) geometry; (b) mesh.
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Fig. 8. Dynamic stress intensity factors of edge cracked plate: Bimaterial 3.
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Fig. 9. Dynamic stress intensity factors of edge cracked plate calculated by using
equations for displacement extrapolation method in Lei et al. (2008): Bimaterial 3.
986 C. Song et al. / International Journal of Solids and Structures 47 (2010) 978–989good agreement is observed (The result of K2 in Beyer et al. (2008)
is indistinguishable from that in Lei et al. (2008) and not shown).
The case of Bimaterial 2 is considered. This bimaterial leads to
an oscillatory index larger than that of Bimaterial 1. Due to the
inclination of the principal material axes of Material 2, the dis-
placement and stress ﬁelds are not symmetric. When considering
the left crack tip, the coordinates ðx^; y^Þ are rotated by 180 to align
with the conﬁguration shown in Fig. 1. As a result, Materials 1 and
2 switch sides in the bimaterial leading to a change of the sign of
the oscillatory index . The static stress intensity factors converged
to the ﬁrst 4 digits are K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:9807;K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:1399 at
the left crack tip and K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:9663;K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:2182 at
the right crack tip.
In the dynamic analysis, the mesh of 3-node elements shown in
Fig. 4(b) is used. The static stress intensity factors obtained with
this mesh are K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:98;K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:14 at the left crack
tip and K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:966;K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:218 at the right cracktip. The size of the time step is chosen as 0.05 ls. The dynamic
stress intensity factors are normalized with P
ﬃﬃﬃﬃﬃﬃ
pa
p
and plotted in
Fig. 6. The stress intensity factor K2 is much more pronounced in
this case than in the case of Bimaterial 1.
5.2. Rectangular bimaterial plate with an edge crack
A rectangular bimaterial plate with an edge crack is shown in
Fig. 7(a) with its dimensions. The crack length is a ¼ 5mm. The re-
sult of the dynamic stress intensity factors of this bimaterial plate
is reported in Lei et al. (2008) for the case of Bimaterial 3. In their
study, the formulas of the displacement extrapolation method in
Cho et al. (1992) are applied without the corrections in Section 2.
The scaled boundary ﬁnite-element mesh is shown in Fig. 7(b)
with 5-node elements. The scaling center of subdomain 1 is located
at the crack tip. The scaling center of subdomain 4 is chosen on the
C. Song et al. / International Journal of Solids and Structures 47 (2010) 978–989 987material interface so that the material interface is not discretized.
The characteristic length (Eq. 1) is chosen as L ¼ a. The static stress
intensity factors are evaluated with increasing order of line ele-
ments. The values converged to 4 signiﬁcant digits are
K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 1:509 and K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:254.
The dynamic stress intensity factors are obtained with the 5-
node element mesh, which leads to static stress intensity factors
K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 1:503 and K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:252. The order of the contin-
ued fraction is chosen as 4. The size of the time step is equal to
0.1 ls. The normalized dynamic stress intensity factors are plotted
in Fig. 8. Signiﬁcant difference, especially in the imaginary part K2,
exists between the present results and the results in Lei et al.
(2008, Fig. 6).
For the sake of comparison of result, the dynamic stress
intensity factors are also calculated using the scaled boundary0 5 10 15 20
TIME (μs)
-1.0
-0.5
0.0
0.5
1.0
1.5
2.0
2.5
N
O
R
M
AL
IZ
ED
 S
TR
ES
S 
IN
TE
N
SI
TY
FA
C
TO
R
 (K
1+
iK
2)
/(P
(π
a)
0.
5 )
K1
K2
Fig. 10. Dynamic stress intensity factors of edge cracked plate: Bimaterial 2.
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Fig. 11. Rectangular bimaterial plate with aﬁnite-element solution for crack opening displacements and the
uncorrected formulas for the displacement extrapolation method
reported in Lei et al. (2008). The result is illustrated by the solid
line in Fig. 9. The result of Lei et al. (2008, Fig. 6) is digitized and
plotted as the dot-dashed line. The two sets of results, especially
the imaginary part K2, are reasonably close to each other.
The case of Bimaterial 2 is analyzed with the 5-node element
mesh in Fig. 7(b). The static stress intensity factors are obtained
as K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 1:25 and K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:118 (The results converged
to the ﬁrst 4 signiﬁcant digits are K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 1:258 and
K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:118.). The size of time step is 0.05 ls. The normal-
ized stress intensity factors are illustrated in Fig. 10.5.3. Rectangular plate with an inclined central crack
A rectangular bimaterial plate of width 2w ¼ 30 mm and height
2h ¼ 60 mm is shown in Fig. 11(a). The material interface is in-
clined at an angle of 45. An interface crack of length
2a ¼ 10
ﬃﬃﬃ
2
p
mm exists. To be consistent with the conﬁguration in
Fig. 1, the x^-axis of the coordinates are placed on the material
interface. The case of Bimaterial 2 is considered. The principal
material-axis-1 of Material 1 is parallel to the material interface.
The principal material-axis-1 of Material 2 is rotated by 30 from
the material interface. A mesh of 8 subdomains is shown in
Fig. 11(b). The scaling centers of subdomains 1 and 2 are chosen
at the two crack tips. The characteristic length in the deﬁnition
of the complex stress intensity factor (Eq. (1)) is chosen as L ¼ a.
The converged values of the static stress intensity factors are
K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:431;K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:527 at the left crack tip and
K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:208;K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:663 at the right crack tip.
In the dynamic analysis, each edge of the subdomains is mod-
eled with one 9-node element (the static stress intensity factors
are K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:428;K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:523 at the left crack tip and
K1=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:208;K2=P
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:663 at the right crack tip). A
time step Dt ¼ 0:05ls is selected. The order of the continued frac-
tion is chosen as Mcf ¼ 4 for all of the subdomains. The dynamic
stress intensity factors at the two crack tips are plotted in Fig. 12.(b)
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Fig. 12. Dynamic stress intensity factors of central cracked plate of Bimaterial 2: (a)
left crack tip; (b) right crack tip.
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This paper has addressed the evaluation of dynamic stress
intensity factors of anisotropic bimaterial plates with interface
cracks. The errors in the formulas for determining the stress inten-
sity factors by the displacement extrapolation method proposed in
Cho et al. (1992) are corrected. The transient dynamic analysis is
performed directly in the time domain by using the scaled bound-
ary ﬁnite-element method. The stress singularity in the radial
direction emanating from the crack tip is represented analytically
leading to an accurate and straightforward procedure for extract-
ing the stress intensity factors from displacement or stress ﬁelds.
Numerical examples are presented. Selected results in Lei et al.
(2008) are critically examined. New additions to the very limited
reference solutions in the literature are also included.Acknowledgments
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